ADJOINT FUNCTORS, PROJECTIVIZATION, AND DIFFERENTIATION 
ALGORITHMS FOR REPRESENTATIONS OF PARTIALLY ORDERED SETS 
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Abstract. Adjoint functors and projectivization in representation theory of partially ordered 
sets are used to generalize the algorithms of differentiation by a maximal and by a minimal point. 
Conceptual explanations are given for the combinatorial construction of the derived set and for 
the differentiation functor. 



1. Introduction 

Throughout this paper 5 is a finite partiaUy ordered set (poset), and fc is a field. 

An S-space is a family V — (V, ^{s)) ^f^g, where ^ is a finite dimensional fc- vector space, V{s) 
is a subspace of V for each s, and s < t in S implies V{s) C V{t). Here V is called the ambient 
space of V, and the V{s) are called the subspaces. One defines a morphism and a direct sum of 
5'-spaces in a natural way. An S'-space is indecomposable if it is not isomorphic to a direct sum 
of two nonzero S'-spaces. We denote by S'-sp the category of S'-spaces. Introduced by Gabriel 
in [Glj , it is closely related to the category of representations of the poset S originally introduced 
by Nazarova and Roiter [NRj . Because of this close relationship, 5-spaces are often also called 
representations of S. 

The theory of S'-spaces, and of representations of posets, has had many applications in the 
study of representations of finite-dimensional algebras, lattices over orders, and in other areas of 
mathematics jGRj IR} [S]. The first, and still most important, technical tool for the study of S'- 
spaces themselves was provided by the so-called differentiation algorithms. Given a poset S, one 
constructs in a purely combinatorial way a derived poset S' with the property that the categories 
S-sp and S'-sp are "closely related," where the meaning of the latter depends on the problem one 
intends to solve. For instance, if the problem is to determine whether S-sp is oi finite representation 
type, i.e., has only finitely many nonisomorphic indecomposable objects, then the two categories 
are closely related if there is a bijection, up to a finite number of elements, between the sets of 
isomorphism classes of indecomposable S-spaces and S'-spaces. One then iterates the procedure 
and considers a sequence of derived posets with the goal of obtaining an m-th derived poset S^™) 
for which the category S^'^^-sp is well understood, so that the problem at hand is easy to solve for 
g{m) ^ r^Yie obtained solution then also holds for the original poset S. 

The advantage of this method is that one replaces a difficult study of S-spaces with an easier 
study (often!) of the combinatorics of differentiations. The hard part is the justification of the 
algorithm, which must rely on the properties of S-spaces. 

The aim of this paper is to generalize the algorithms of differentiation with respect to a max- 
imal element of S, introduced by Nazarova and Roiter in [NRj . and with respect to a minimal 
element of S, introduced by Zavadskij (see [N]), and to give a conceptual explanation of the two 
algorithms and their generalizations. Both algorithms involve a combinatorial construction of the 
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derived poset S' from S, as well as a construction of a functor S-sp — > S"-sp, the differentiation 
functor, that has nice properties. The existing descriptions of both algorithms do not explain 
where the combinatorial construction comes from and present the differentiation functor as an ad 
hoc computational procedure. 

We introduce the algorithms of differentiation with respect to a principal filter and to a principal 
ideal of S that generalize those with respect to a minimal element and to a maximal element, 
respectively, and show for both generalizations that the differentiation functor is a composition 
of three functors, two of which are analogs of the restriction and induction functors from the 
representation theory of finite groups and the third is a straightforward reduction of the size of 
the ambient space. We also show for both algorithms that the combinatorial construction of the 
derived poset S" from the given poset S is imposed on us by the fact that the projectivization 
procedure due to Auslander (see jARSj ) is an ingredient of the differentiation functor. 

In Section [21 we review combinatorics of posets and general properties of the category S'-sp 
(see |G11 IG21 IGRj V Unless S — $, the category 5-sp is not abelian but it has an exact structure 
based on the notion of a proper morphism, to be defined later, and it has enough (relatively) 
projectives and injectives. If i? is a subset of a poset S, the restriction functor resf^ applied to an 
S-space preserves the ambient space and "forgets" the subspaces associated with the elements of 
S \ R. The induction functor ind^ is a left adjoint, and the coinduction functor coind^ is a right 
adjoint, of res|^ . In S , the induction and coinduction are called the lower and upper induction, 
respectively. Recall that if G is a finite group with a subgroup iJ, the induction functor ind^ is 
both a left and right adjoint of the restriction functor res^ . In addition to reviewing known facts, 
we present new results about the restriction, induction, and coinduction that play a crucial role 
in the rest of the paper. In particular, although the restriction functor res^ generally is not full, 
it satisfies a weaker but still useful condition provided R is either an ideal or a filter of S\ the 
condition seems interesting on its own. In this section we also review an equivalence between the 
category 5-sp and the category of finitely generated socle-projective modules over the incidence 
algebra of the enlargement of 5 by a unique maximal element. 

Although relatively projective and relatively injective objects in various categories have been 
studied extensively, relatively semisimple objects seem to be less popular. In this paper, relatively 
semisimple objects in the category S'-sp play an important role, and we study them in Section[3] We 
say that a nonzero S-space V is (relatively) simple if every nonzero proper monomorphism U — > V 
in S'-sp is an isomorphism, an S-space is (relatively) semisimple if it is isomorphic to a direct sum of 
simple S-spaces, and we denote by S-ss the full subcategory of S-sp determined by the semisimple 
S-spaces; simple and semisimple S-spaces are called sp-simple and sp-semisimple, respectively, 
in [S]. We recall that an S-space is simple if and only if its ambient space is one-dimensional, and 
that there is a bijection between the set of isomorphism classes of simple S-spaces and the set A{S) 
of antichains of S, where an antichain is a subset of S that contains no two distinct comparable 
elements. If A, S e A{S) and fc^i, ks are representatives of the corresponding isomorphism classes 
of simple S-spaces, we write A < B ii there exists a nonzero morphism ks — kA, which turns 
A{S) into a poset that contains S and whose unique maximal element is the empty antichain; we 
denote the poset by A{S). Let U be the direct sum of a complete set of representatives of the 
isomorphism classes of simple S-spaces. We prove that the incidence algebra kA{S) is the opposite 
of the endomorphism ring of lA. 

Section m deals with projectivization. Since U is an additive generator of S-ss, the representable 
functor Homs_sp(W, _) induces an equivalence between the category S-ss and the category of finitely 
generated projective /c^(S)-modules. Denote by a(S) the set of nonempty antichains of S. Then 
A{S) is the enlargement of a(S) by a unique maximal element, and the category of socle-projective 
/c^(S)-modules is equivalent to the category d(S)-sp . Composing the two equivalences, we obtain 
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that the category S-ss is equivalent to the category of projective a(S')-spaces. In particular, if the 
width of S, wis), does not exceed two, where the width of a poset is the largest possible cardinality 
of an antichain in it, the category S-sp is equivalent to the category of projective a(S')-spaces 
because 5-sp = 5-ss if and only if 'w{S) < 2. The latter equivalence is an analog of the following 
well-known fact about representations of algebras. If A is an artin algebra of finite representation 
type and T is its Auslander algebra, the category of finitely generated A-modules is equivalent 
to the category of finitely generated projective F-modules. We finish the section by proving for 
categories of S'-spaces a more general version of the above equivalence. If T is a subposet of width 
< 2 of a poset S but no assumption on w{S) is made, for a suitable poset P the functor coindg 
induces an equivalence between the category S'-sp and the full subcategory of P-sp determined by 
the P-spaces V for which res^'^j,^ V is a projective a(r)-space. This shows that the poset a(T), 
which is the main ingredient of the combinatorial construction of the derived poset S' from S, comes 
from projectivization. Using the contravariant representable functor IIoms_sp(_, Z//), we prove that 
for a suitable poset Q the functor ind^ induces an equivalence between the category S'-sp and 
the full subcategory of Q-sp determined by the Q-spaces V for which Tes^^j,-^ V is an injective 
a(r)-space. Here a(T) is the set of nonempty antichains of T with a partial order different from 
that of a(r). 

Finally, Section 5 presents the construction and justification of the differentiation algorithms 
with respect to a principal filter and to a principal ideal. It begins with a description of a functor 
that we characterized earlier as a straightforward reduction of the size of the ambient space. Let 
V = (y,V{s)) be an arbitrary S-space. For any subspace U of the ambient space V, one 
can construct two S'-spaces in an obvious way: one with the ambient space U and subspaces 
V{s) nU, s G S, the other with the ambient space V/U and subspaces {V{s) + U) /U, s G S. If 
p € S is fixed and U — V{p), both constructions become functorial in V, thus giving rise to two 
endofunctors of S-sp, and Ep, respectively. 

For any p £ S, the subset (p) = {s G S | p < s} is called the principal filter of S generated 
by p. We set S^p) ~ (p) U a(S \ (p)) and Sp = S(p) \ (p) where (p) — {t E S^p) | i < p} is the 
principal ideal of S^p^ generated by p. When w(S\ (p)) < 2, we construct the differentiation functor 

s s 

lesg''^ Ep coind^^'"' : S-sp Sp-sp with respect to the principal filter (p). If p is a minimal element 
of S, our formula agrees with the known one. Similarly, we construct a differentiation functor with 
respect to the principal ideal of S generated by p. The proofs use properties of adjoint functors 
specialized to restriction, induction, and coinduction, as well as the existence and properties of 
projective covers and injective envelopes in S-sp . 

We end the introduction by reminding the reader that many authors have studied and applied, 
and continue to study, apply, and generalize, various differentiation algorithms for representations 
of posets. For example, Zavadskij introduced the two-point differentiation algorithm jZlj motivated 
by his joint work with Kirichenko jZKi) on integral representation theory, and he recently came 
up with a kind of differentiation algorithm defined in a rather general context of poset representa- 
tions |Z2j ; Bautista and Simson [BS, obtained a generalized differentiation algorithm for a certain 
class of rings; Arnold in [A] and jointly with Simson in jASj showed that poset representations and 
differentiation algorithms have useful applications in the study of subcategories of the category of 
abelian groups; Rump [Rull IRu21 IRu3| extended differentiation algorithms to lattices over orders 
and modules over artinian rings, etc. 

The authors are grateful to the referees for their useful comments. 
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2. Preliminaries 

2.1. Filters, ideals, and antichains. We recall several facts, mostly without proof, needed in 
the sequel; see [E] . 

Throughout the paper, 5"°^ — {S, <) stands for the opposite poset of S" = {S, <) where a < & if 

op op 

and only if 6 < a, for all a,b G S. If T is a subset of S, we always view it as a poset T — (T, <) 
with respect to the same partial order. 

A subset F of S" is a filter if, for all s G S*, we have that t G F and t < s imply s G F. A subset 
/ of is an ideal if, for all s e 5, we have that t d I and s <t imply s G /. Of course, F is a filter 
if and only if \ F is an ideal. If T is a subset of S, then (T) is the filter generated by T, that is 
the intersection of all filters of S containing T. The ideal (T) generated by T is defined similarly. 
If p G S*, then (p) (respectively, (p)) denotes the principal filter (respectively, principal ideal) of S 
generated by p, i.e., (p) — {s G S \ p < s} and (p) = {s G S* | s < p}. We denote by J-{S) the set of 
filters of S, and by 2{S) the set of ideals of S. 

We will later use the following easily verifiable statement. 

Proposition 2.1. Let S be a poset with a subset T. 

(a) If F is a filter of S , then F C\T is a filter of T . 

(b) /// is an ideal of S , then IHT is an ideal of T . 

Recall that a subset A of S" is an antichain if no two distinct elements of A are comparable. 
We denote by A{S) the set of antichains, and by a{S) the set of nonempty antichains, of S so 
that .4(5') = <i{S) U {0}. The width of S", w{S), is the largest possible cardinality of an antichain 
in S. For all subsets T of S, minT (respectively, maxT) denotes the set of minimal (respectively, 
maximal) elements of T; clearly, minT, maxT G .4,(5). For a, 6 G 5, an element a Ah € S is the 
meet of a and b if, for all s G 5, s < a and s < b imply s < a A b. An element a V 6 G 5 is the 
join of a and b if, for all s G 5, a < s and b < s imply aV b < s. A poset 5 is a meet-semilattice 
(join-semilattice) if the meet (join) exists for every two elements of S. 

The following two propositions relating the sets .4(5), F{S), and 1(5) are well known, and we 
present them without proof. 

Proposition 2.2. Let S be a poset. 

(a) The functions T{S) — >■ .4(5) given by F ^ minF for all F G T{S), and .4(5) — > J-'{S) 
given by A i-^ (A) for all A G .4(5) are mutually inverse bijections. 

(b) Let F, G G J'{S) and let min F = {ai, . . . , a„j}, min G — . . . , 6„}, to, n > 0. Then 
F ^ G if and only if for all j, there exists an i satisfying ai < bj. 

(c) For all {oi, . . . ,0^}, {&i, ...,&„} in .4(5), set {ai, . . . ,a„} < . . . ,6„} if and only if 
for all j, there exists an i satisfying ai < bj. Then: 

(i) {A{S), <) is a meet-semilattice where A A B = min{j4 U B} for all A, B ^ .4(5). 

(ii) $ is a unique maximal element and min S is a unique minimal element of A{S) . 

(iii) For s, i G 5 we have {s} < {t} in A{S) if and only if s < t in S . 

(iv) For TO > 0, {ai, . . . , am} is the meet of {ai}, . . . , {om}. 

Notation 2.1. We denote by .4(5) the meet-semilattice of part (i) of Proposition 12. 2r c): denote 
by a(5) the subposet of nonempty antichains in .4(5); write s instead of {s} for s G 5 so that 5 
becomes a subposet of d(5) as justified by part (iii) of Proposition 12. 2f c): and write ai A • ■ • A 
instead of {oi, . . . ,am} as justified by parts (iii) and (iv) of Proposition I2.2f c) . 

Proposition 2.3. Let S be a poset. 

(a) The functions I{S) A{S) given by I ^ max / for all I G T{S), and A{S) T{S) given 
by Ai-^ (A) for all A G A{S) are mutually inverse bijections. 
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(b) Let I, J E I{S) and let max/ — {ai, . . . , am}, max J = {bi, . . . , 6„}, m, n > 0. Then 
I J if o.'>^d only if for all i, there exists a j satisfying ai < bj. 

(c) For all {ai, . . . , {61, . . . , 6„} in ^4(5*), set {ai, . . . , am} < {61, • ■ • , if and only if 
for all i, there exists a j satisfying ai < bj. Then: 

(i) <) is a join-semilattice where A\/ B = max{j4 U B} for all A, i? G A{S). 

(ii) $ is a unique minimal element and max 5 is a unique maximal element of A{S). 

(iii) For s,t S we have {s} < {t} in A{S) if and only if s < t in S . 

(iv) For m > 0, {oi, . . . , Om} is the join of {ai}, . . . , {am}- 

Notation 2.2. We denote by .4(5) the join-semilatticc of part (i) of Proposition 12. Bf c): denote 
by a{S) the subposet of nonempty antichains in .4(5); write s instead of {s} for s G 5 so that 5 
becomes a subposet of a(5) as justified by part (iii) of Proposition I2.3f c) : and write ai V • • • V 
instead of {ai, . . . , am} as justified by parts (iii) and (iv) of Proposition I2.3f c) . 

We note that .4(5) = i(5°P). 

The following two statements are important for our treatment of the differentiation algorithms. 

Proposition 2.4. Let p E S. 

(a) a((j')) is the principal ideal of a{S) generated by p. 

(b) a((p)) is the principal filter of a{S) generated by p. 

Proof, (a) Let / be the principal ideal of a(5) generated by p and let A = ai A • • • A Om (m > 0). 
Then A £ a((p)) if and only if G (p) for all i; if and only if < p for all i; if and only it A < p; 
if and only if A G /. 

(b) The proof is dual to that of (a). □ 

For a subset i? of a poset 5, consider the sets Sr = R Li a{S \ R) and = RD a(5 \ R) that 
are subposets of a(5) and a(5), respectively. 

Proposition 2.5. Let S be a poset with a subset R. 

(a) If R is a filter of 5, then R is a filter of Sr. 

(b) If R is an ideal of S , then R is an ideal of . 

Proof, (a) Let x G i? and y G Sr satisfy x < y. We have to show that y £ R. If y G 5, this holds 
by assumption. If y ^ 5, then y = xi A ■ ■ ■ A x„, n > 1, where xj G 5 \ i? for all j. By Proposition 
I2.2f b). X < y implies x < Xj for all j. Since i? is a filter of 5, then Xj G i?, a contradiction. 

(b) The proof is similar to that of (a). □ 

2.2. The category 5-sp and socle-projective modules. We recall several well-known facts. 
For unexplained definitions and omitted proofs, see }G1| IGR| IMacj IR | IRej IS]. 

Recall that a morphism / : U — > V of 5-spaces U = [U, U{s)) and V = (V, V{s)) is a 
fc-linear map f : U ^ V satisfying f{U{s)) C V{s), s E S. The direct sum U © V is the family 
{X, X{s))^^g where X ^U(SV and X{s) = U{s) © V{s), s G 5. 

Proposition 2.6. Let / : U — V 6e a morphism of S-spaces given by a k-linear map f : U V. 

(a) / : U — > V is a monomorphism if and only if the linear map f : U V is injective. 

(b) / : U — > V is an epimorphism if and only if the linear map f : U V is surjective. 

(c) The family X = (X. X(s))^^g where X = Ker / and X{s) = U{s) Ci Ker/, s £ S, is an 
S -space. The inclusion x : X U gives a kernel >f:X— >U of f : \J ^ \. 

(d) The family Y = (F, Y{s))^^g where Y = V/f{U) and Y{s) = {V{s) + f{U)) /f{U), s G 5, 
is an S -space. The projection a : V ^ Y gives a cokernel cr;V— S>Y o//:U— )-V. 
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The preceding proposition implies that S'-sp is a Kruh-Schmidt category, that is, an additive 
fc-category in which idempotents split and the isomorphism ring of each indecomposable object is 
local. Hence each S'-space decomposes uniquely up to isomorphism as a direct sum of indecom- 
posable ^-spaces. 

Definition 2.3. A morphism / : U — >■ V of S'-spaces is said to be proper if, for all s G S,-we have 

f{U{s)) = v{s)nf{U). 

The following statement is straightforward. 

Proposition 2.7. Let V = {V,V{s)) be an S-space, and let U be a subspace of the ambient 
space V. 

(a) The family U = {U,U{s)'^ where U{s) — V{s) n U, is the unique S-space with the 
ambient space U for which the inclusion U ^ V gives a proper monomorphism U — >■ V. 

(b) The family W = {W,W{s))^^g, where W = V/U and W{s) = {V{s) + U)/U, is the 
unique S-space with the ambient space V/U for which the projection V V/U gives a 
proper epimorphism V — )■ W. 

(c) A kernel of a morphism of S -spaces is a proper monomorphism, and a cokernel is a proper 
epimorphism. 

(d) A proper m.onomorphism is a kernel of its cokernel. A proper epimorphism is a cokernel 
of its kernel. 

For any associative ring A with unity, we denote by A-Mod (respectively, A-mod) the category 
of left (respectively, finitely generated left) A-modules, and A-proj stands for the full subcategory 
of A-mod determined by the projective modules. In the sequel we will need an interpretation of the 
category S'-sp as a full subcategory of the category A-mod, for some finite dimensional associative 
fc-algebra A with unity. 

Given a finite poset P, denote by Mp{k) the full matrix algebra over k whose rows and columns 
are indexed by the elements of P. We write Cxy, x,y e P, for the matrix unit with 1 in row x and 
column y. The fc-subspace of Mp{k) with basis {eta \ a < b, a, 6 S P} is a A;-subalgebra called the 
incidence algebra kP of the poset P over k. The subset {eaa | a € P} of the basis is a complete set 
of primitive orthogonal idempotents of kP. 

Remark 2.1. The set {eab\a < b, a, 6 G P} is a basis for the incidence algebra A;P°p of the 
opposite poset P°p, and the map Mp{k) — > Mp{k) sending each matrix A to its transpose A^ 
induces an antiisomorphism of fc-algebras kP — > A;P°p. 

Definition 2.4. Denote by S'" = U {oj} the poset whose structure is defined by letting the ele- 
ments of S retain their original partial order and setting s < ui, s € S. The indecomposable module 
kS'^ G kS'^- proj is one-dimensional, hence, simple. It is a unique up to isomorphism simple 
projective /jS^-module, and we denote by kS'^-sp the full subcategory of feS^-mod determined by 
the socle-projective modules: M e kS^-sp if and only if the socle of M, socM, is in fcS""'-proj . 

Consider the following map $ = $5 : kS"-mod S'-sp. For all M e fcS"-mod, set $M = 
(y, V(s))^^g where V = e^^M and V(s) = e^sM. For all morphisms / : M -)■ TV in fcS"-mod, set 
to be the restriction of / to CuuM, i.e., $/ = f\euuM. 

Consider also the following map = '■ S-sp — >■ fcS'^-mod . For all 5-spaces V = [V, V{s))^^g, 
set '^V = ^i^^g^- V{t) where V(oj) = V and the multiplication by the basis element eba of feS"" 
on \1/V is the fc-linear operator that induces the embedding V{a) ^ V(6) on V{a) and sends the 
other direct summands to 0. For all morphisms / : V — )• W in S-sp, set ^f = ^^^S" 

Note that fcS"-sp contains fcS"-proj, since soc kS^Sgs — kS'^Suu for s € S. 

Proposition 2.8. (a) $ : fcS"-mod — )• S-sp and ^ : S-sp kS'^-mod are k-linear functors. 
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(b) The image of ^ is contained in fcS'"-sp, and 5* : S-sp — ?> fc5"-sp is a dense functor. 

(c) We have $5* — Is-sp- In particular, : S'-sp — > fc5"-sp is an equivalence of categories. 

The functor $ is called an adjustment functor in S, p. 190]. 

Definition 2.5. An S'-space P is called (relatively) projective if for every proper epimorphism 
/ : U — >■ V and every morphism /i : P — > V of ^-spaces there exists a morphism 5 : P — )■ U 
satisfying h = fg. We denote by S'-proj the full subcategory of S'-sp determined by the projective 
S'-spaces. A morphism / : U — > V is called right minimal if every morphism g : U — s> U satisfying 
f = fg is an automorphism. An epimorphism / ; U — > V is called an essential epimorphism if for 
every morphism 5 : X — )■ U, g is a proper epimorphism if and only if fg is a proper epimorphism. 
A projective cover of an S'-space V is an essential epimorphism / : P — > V with P projective. 
Injectives, left minimal morphisms, essential monomorphisms, and injective envelopes are defined 
in a similar way, and we denote by 5-inj the full subcategory of 5-sp determined by the injective 
S'-spaces. 

Since ^' is not dense, it is a right inverse but not an inverse of $. The next statement says 
in particular that the restrictions of and $ to the full subcategories of projective objects are 
inverses of each other. 

Theorem 2.9. (a) An S-space P is projective if and only i/'I'P is a projective kS'^ -module. 

(b) Every indecomposable projective S-space is isomorphic to one, and only one, of the spaces 

Pt, t e S'^, where Pt = (Pt, Ptis)) with Pt ^ k and Pt{s) = J J ^ 

10 otherwise. 

(c) Every projective S-space is isomorphic to ^teS'^ P"% f^i^ unique integers nt > 0. 

(d) The functors ^' and induce mutually inverse equivalences of categories 



S'-proj _^ fcS"-proj . 

(e) Every S-space has a projective cover. 

(f) A proper epimorphism / : P — >■ V with P G S-proj is a projective cover if and only if the 
morphism f is right minimal. 

Definition 2.6. The vector space duality D = Homfc(— , k) extends to a duality D : S-sp S°P-sp 
as follows. For each S-space V = (F, ^(s))^^^, set DV = [X, X{s)) where X = BV and 

X{s) = V{s)-^ = {g e DV \ g{V{s)) = 0}, s G S. For each morphism / : U V, where 
U ~ [U, U{s)) ^^g, the morphism D/iDV^-DUis given by the fc-linear map D / : D ^ -> D [/. 
By restriction one obtains dualities D : S-proj S°P-inj and D : S-inj — ^ S'^P-proj. 

Proposition 2.10. If f : \J ^ V is a proper morphism of S -spaces, then D / : D V — > D U is a 

proper morphism of S°^ -spaces. 

Applying the duality D of Definition 12.61 to Theorem 12.91 and using Proposition 12.101 one gets 
the following description of the category S-inj . 

Definition 2.7. Denote by Sq = S U {0} the poset whose structure is defined by letting the 
elements of S retain their original partial order and setting < s, s £ S. 

Theorem 2.11. (a) Every indecomposable injective S-space is isomorphic to one, and only 

{0 if s <t, 
k otherwise. 

(b) Every injective S-space is isomorphic to ^teSo ^'^^ unique integers nt > 0. 
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(c) Every S-space has an injective envelope. 

(d) A proper monomorphism g : V — > I with I G S-iw] is an injective envelope if and only if 
the morphism g is left minimal. 

2.3. Subposets and adjoint functors. We recall known results and prove facts needed in the 
sequel. For unexplained terminology, see [M] . 

If i? is a subset of a poset S, the restriction (forgetful) functor res^ : S-sp — s> i?-sp sends 
an 5-space V = {V,V{s))ses to the i?-space res^V = (V,V{r))r£R, and it sends a morphism 
/ : V — i> W in 5'-sp given by a fc-hnear map f : V ^ W, where W — {W,W{s))s£S , to the 
morphism res^ / : res^ V res^ W in i?-sp given by the same linear map f : V W. 

Remark 2.2. The restriction functor res;^ : S'-sp i?-sp preserves proper morphisms. 

The functor res^ has a left adjoint and a right adjoint. Denote by ind^ : i?-sp S-sp the 
following functor. For an i?-space V = (V, V{r))reR, the S'-space ind|. V = {X, X{s))ses is given 
hy X = V and X{s) — ^ ^i^) (if no r G i? satisfies r < s then X{s) = 0). For a morphism 

/ : V — W in i?-sp given by a fc-linear map f : V ^ W, ind^ / : indf V ind| W is the 
morphism in S'-sp given by the same linear map f : V W. We call ind^ the induction functor. 

Denote by coind^ : i?-sp S-sp the following functor. For an i?-space V = {V,V{r))r£R, 
the S'-space coind|V = {X,X{s))ses is given hy X — V and X{s) ~ D V{r) (if no r G i? 

r^R.,s<r 

satisfies s < r then X{s) = V). For a morphism / : V — > W in i?-sp given by a fc-linear map 
f : V ^ W, coind^ / : coind^ V — ^ coind^ W is the morphism in S-sp given by the same linear 
map f : V W. We call coind^ the coinduction functor. 

Definition 2.8. An S-space V = (V, ^(s))^^^ is trivial at t G S if V{t) — 0, and it is full at t if 
V{t) =V.liR is a. subset of S, then V is trivial (full) at R if, for all r G i?, V is trivial (full) at r. 

Remark 2.3. For any S'-space V, the set of elements of S at which V is trivial is an ideal of S, 
and the set of elements of S at which V is full is a filter of S. 

For future reference, the following two propositions record several easily verifiable facts (see [Si 
Propositions 5.14 and 5.16, Exercise 5.24]). 

Proposition 2.12. Let R he a subset of a poset S and let V G i?-sp, W G S'-sp. 

(a) There exist isomorphisms of k- spaces 

Homs(ind|V, W) = Hom;^(V, res| W) 

and 

Homfl,(res|W,V) = Homs(W, coind| V) 

functorial in V and W. In other words, ind^ is a left adjoint of res^, and coind^ is a 
right adjoint of res^ . 

(b) res^ is a faithful additive functor, and ind^ and coind^ are fully faithful additive functors 
satisfying 

rescind 5^ — resj^coind^ = lj?,-sp- 

In particular, res^ is a dense functor, and both ind^ and coind^ reflect isomorphisms. 

(c) IfRCTCS then 

res^j res^ — res^ and res^ ind^- = res^ coindy = resjj . 

(d) LetU C S and S ^ RUU. // X, Y G S'-sp then X = Y if and only if resg X = res| Y 
and resfr X = resf, Y. 
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(e) Let R be a filter of S and let £ he the full subcategory of S'-sp determined by the S-spaces 
trivial at S \ R. The restriction of res^ to £, res^ |£ : £ — )• R-sp, is an equivalence of 
categories. 

(f ) Let R be an ideal of S and let S be the full subcategory of S-sp determined by the S-spaces 
full at S \ R. The restriction of res^ to 23, res^ |2) : S) — > R-sp, is an equivalence of 
categories. 



We will use the following statement in the section on projectivization. 
Proposition 2.13. Let T be a subset of a poset S. 



coind' 



'S\T 



= coind^^"^'' resf , 



(a) For the poset Ss\t = (5 \ T) U a{T) we have res-^^^^ 

(b) For the poset 5^^^ = {S\T)U d{T) we have resf^^'!^ ^ridf'''^ = ind^^'^'^ res: 



Proof (a) For an S'-space V = {V, V{s))^^g, set resf^''^^ coinds""^^ V = X = {X,X{A)) 



coind^^^^ resf. V 



and 



To show that the two functors in question coincide on 



A a,„, TO > 0, we have X(A) = n V(s). 

seS,A<s 



objects, we check that X = Y. 

Clearly, X = Y = V. Yor each A = ai A 

By Proposition I2.2r c). A < s \i and only if ai < s, for some i. It follows that A < s implies 

m 

V{ai) C V{s), for some i, whence X{A) = P| V{s) = f] V{ai). A similar argument shows 

seS,A<s i=l 

m 

that Y{A) = n V{a^). 

i=l 

It follows immediately from the definitions of restriction and coinduction that the two functors 
in question coincide on morphisms. 

(b) The proof is dual to that of (a). □ 

Proposition 2.14. Let R be a subset of a poset S and denote by the same symbol D the duality 
on S-sp and on R-sp . Then the following diagrams commute. 



S-sp 

D 

S'°P-sp 



i?-sp 

D 

^ i?°P-sp 



i?-Sp 
D 

i?°P-sp 



indf. 



coind 



S°P 
J7°P 



S'-sp 
> ^"P-sp 



According to Proposition 12. 12r b). tgs^ is a faithful and dense functor but, generally speaking, 
not a full functor. However, if R is either a filter or an ideal of S, the functor res^ has properties 
that can be viewed as a weak version of being full. 

Definition 2.9. A functor F : 21 — >■ 03 is said to be right quasi full if for every commutative 
diagram 

/ 



Fu 



Fy 



-> Fv 
Fz 



in *B there exist morphisms f : u' ^ v, g' : y' ^ z, y' satisfying the following two 

conditions. 

(a) / = Ff, g = Fg\ a = Fa'. 
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(b) The diagram 



V 



V' z 



commutes in 21. 

We leave it to the reader to give the dual definition of a lejt quasi full functor. 

Remarks 2.15. (a) If F : 21 — > *B is a right quasi full functor, then for every morphism / : Fu — 5- 
Fv in *8 there exists a morphism f : u' ^ v satisfying / = Ff. Indeed, we can use the first 
commutative diagram of Definition 12.91 by putting g = f, a = Ipm and /3 = ly Then (a) applies. 

(b) A faithful functor is right quasi full if and only if it satisfies condition (a) of Definition 12.91 

(c) A fully faithful functor is right quasi full. 

Proposition 2.16. Let R be an ideal of a poset S. For an R-space U = (U,U{r)) ^^j^ and an 
S-space V = (V,V{s)^ ^^^^ let f : \J ^ rcsj?,V be a morphism in R-sp that is given by a k- 
linear map f : U V. Set JJ f — (AT, A'(s))^^^ where X = U, X{r) — U{r) for all r ^ R, and 
X{t) = f-\V{t)) for allteS\R. 

(a) U/ is an S-space, and the linear map f : U ^ V gives a morphism / : U/ — > V in S-sp 
satisfying f — res^ /. Moreover, f is a proper morphism (respectively, an isomorphism) if 
and only if so is f. 

(b) Consider a commutative diagram of R-spaces of the form 

U — ^ res|V 

rosg P 

Y — ^ rcsgZ 

where Y — (Y,Y{r)) G i?-sp, Z ~ (Z, Z(s))^^^ G 5'-sp, and the morphisms g : Y — ^ 
res^ Z, a : U Y, and /3 : V — > Z are given by k-linear maps g : Y Z, a : U ^ Y, 
and P : V ^ Z, respectively. The linear map a : U ^ Y gives a morphism a' : Uy — > Y g 
in S-sp satisfying a = res^ a' and /3f — ga' . In particular, the functor res^ is right quasi 
full. 

(c) In the setting of (h), suppose (3 is an isomorphism. Then Uy = Uq and a' — a : \Ja Yg. 

(d) In the setting of (a), f is right minimal if and only if so is f. 

(e) If F is a filter of S and V = indf. W, for some W G F-sp, then the S-space Uj — 
{X,X{s)) of (a) satisfies X{s) C Ker /, for all s G R\F, and X{s) = Kerf, for all 
s€S\[RUF]. 

Proof, (a) We only have to check that U/ is an S'-space. Let ti < t2 where ti, t2 G S. If ii, i2 G i? 
or ti,t2 E S \ R, the inclusion X{ti) C A(t2) is obvious. Since R is an ideal of S, the case 
ti E S\R, t2 E Ris impossible. If ti E R, <2 G 5 \ R, then 

A(<i) = U{t,) C f-'[f{U(t,)] C f-\V{t,)) C f-\V(t2)) = X{t2). 



If / is proper, then / is proper by Remark l2.2l If / is proper, the linear map f : X satisfies 
/(A(s)) = V{s) n /(A) for all s G S" by construction, whence / is proper. 

We leave it to the reader to consider the case when either / or / is an isomorphism. 
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(b) Since restriction is a faithful functor, Rcmark l2.15f b) says that we only have to check that 
a{f'HV(t))) ^ 9^^iZ{t)) for all t (E S \ R. Suppose u € U satisfies f{u) e V{t). Since the 
diagram in the statement of the lemma commutes, we get g(a{u)) = (3(f(u)) G Z{t) because /3 is 
a morphism in S'-sp . Hence a{u) e g~^{Z(t)). 

(c) For the S'-space Yg, the subspace of the ambient space Y associated with an element t ^ S\R 
is g^^{Z{t)). Since /3 is an isomorphism by assumption, /3~'^{Z(t)) — V(t) and we have 

a-'[g-\zm = f-'[f3-\Zm = r\V{t)) = X{t), 

whence U/ = Uq. 

(d) Suppose / is right minimal and / = fa', for some morphism a' : — > U/ in S'-sp. After 
applying res;^ we are in the setting of (b) where g = /,/? = Iv, and a — res;^ a' : U U. Since / 
is right minimal, / = fa implies a is an isomorphism. By (c), a' — a whence a' is an isomorphism 
according to (a). Thus / is right minimal. 

Suppose / is right minimal and / — fa, for some morphism a : U — ^ U in i?,-sp . Since 
/ = res^ Iv ° /, (c) says that / — fa whence a is an isomorphism. Then a is an isomorphism by 
(a). Therefore / is right minimal. 

(e) By the definition of the induction functor, V{s) = for all s E S \ F. □ 

For the sake of completeness we present the dual statement. 

Proposition 2.17. Let R be a filter of a poset S. For an S -space U = {U,U{s))si£S an R- 
space V = {V, V{r))reR, let g : res^ TJ V be a morphism in R-sp that is given by a k-linear map 
g:U ^V. SetVs = {Y, y (s))ses where Y = V, Y{r) = V{r) for all r e R, and Y{t) = g{U{t)) 
for allteS\R. 

(a) is an S-space, and the linear map g : U ^ V gives a morphism g : U — > in S'-sp 
satisfying g — res^ Moreover, g is a proper morphism (respectively, an isomorphism) if 
and only if so is g. 

(b) Consider a commutative diagram of R-spaces of the form 

reslU — ^ V 
resg X — Z 

where X = {X,X{s)) G S-sp, Z = [Z,Z[r)) G i?-sp, and the morphisms h : res;^X 
Z, a : V Z, and /3 : U — X are given by k-linear maps h : X ^ Z, a : V ^ Z, and 
(3 : U —?' X, respectively. The linear map a :V Z gives a morphism a! : — !■ Z'' in 
S-sp satisfying a = res^ a' and hp = ag. In particular, the functor res^ is left quasi full. 

(c) In the setting of (b), suppose (3 is an isomorphism. Then Z'* ~ Z" and a' = a : — > Z'^. 

(d) In the setting of (a), g is left minimal if and only if so is g. 



g 



(e) // J is an ideal of S and V = coindj W, for some W e J-sp, then the S-space V 
{Y,Y{s)) of (a) satisfies Y{s) D Img, for all s G R \ J, and Y{s) = Img, for all s G 
S\[RUJ]. 

Proof. Dual to the proof of Proposition [2. 161 □ 



3. Semisimple S-spaces 



Definition 3.1. A nonzero S-space V is (relatively) simple if every nonzero proper monomorphism 
U — >■ V in S-sp is an isomorphism. An S-space is (relatively) semisimple if it is isomorphic to a 
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direct sum of simple S'-spaces, and we denote by i'-ss the full subcategory of S-sp determined by 
the semisimple S'-spaces. 

Remark 3.1. By Proposition 12.101 V is simple if and only if every nonzero proper epimorphism 
V — > W in S-sp is an isomorphism. By Proposition 12.71 S-space is simple if and only if its 
ambient space is one-dimensional. By Theorems I2.9r b') and l2.1iT a). every projective and every 
injective S-space is semisimple. 

It is very easy to classify the simple S-spaces up to isomorphism. Let J7 be a finite dimensional 
/c-vector space. For each F G J^{S), denote by Up — C^minF the S-spacc X = {X,X{s))^^g where 



Xis) 



if s ^ F, 

and, for each / G I{S), denote by = f/'^^'^-f the S-space Y = {Y,Y{s))^^g where 



Yi-s) = 



if s G /, 
U if s ^ /; 



the above notation makes sense because, in light of Propositions I2.2r a) and I2.3f a). each filter 
(respectively, ideal) of S is uniquely determined by the antichain of its minimal (respectively, 
maximal) elements. 

Note that for each F G J^{S) we have Up = U^"^^ , and for each / G I{S) we have = Us\i- 

Proposition 3.1. The set {fc^ | A G A{S)} ^{k^\A(E A{S)} is a complete set of representatives 
of the isomorphism classes of simple S -spaces. 



Proof. Let V be a simple S-space. In view of Remark 12.31 the set F of elements of S at which V 
is full is a filter, and the set / of elements of S at which V is trivial is an ideal, of S. By Remark 
3.11 the ambient space of V is one-dimensional, whence F U I = S and F f) I ~ 0. Therefore, 
V = k„,inF = k'^''''^. It is clear that if ^, B G A{S) and A^ B, then kA ^ kg and k^ ^ k^ . □ 



The following statement was proved in [NR]. 
Proposition 3.2. Every S -space is semisimple if and only if w{S) < 2. 

We now study morphisms of semisimple S'-spaces into arbitrary S-spaces. Set 

e kA^ e k\ 

AeA(S) AeAiS) 

In the following two propositions we identify an element A G A; with the multiplication-by-A map 
Xlk : k ^ k. 

Proposition 3.3. Let V = {V,V{s))^^g be an S -space. 

(a) Let A = ai A ■ ■ ■ A a,„ be in A{S) and set V{A) = V{ai) H ■ • • H V{am)- A k-linear map 
f : k ^ V gives a morphism kA ^ of S-spaces if and only if /(I) G V{A). The 
map f i-^ /(I) is an isomorphism IIom5_sp(A:^, V) = V{A) of k- spaces functorial in V. 
We identify IIom5_sp(Z//, V) with ^(C') O'f^d write the elements of the latter as row 

ceA{s) 

vectors {vc)ceA(S) '''^here vc G V{C). 

ik if B < A. 



(b) IfA,BeAiS) thenRoms-spikA,kB) 



otherwise. 
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(c) We identify Ends-spW with kA{S)°^ by identifying Hom5_sp(fcA, fcs) with the subspace 
kcBA of the matrix algebra M^f^g^(k), for all B < A in A{S). Then Hom5_sp(W, V) is a 

left kA{S)-module by means of cab ° [(''^C')ceyi(S)] ~ i^^^^^) C£A(S)' ^^^^^ B < A and 
Sqa *s the Kronecker symbol. 

(d) $a(S) Homs_sp(W, -) = coind^'-'^'' : S'-sp -> a{S)-sp. 

Proof, (a) Let kA = {X, ^(s))^^^. Since a fc-linear map f : k ^ V is uniquely determined by an 
arbitrary vector /(I) G V, then / : fc^ — )• V is a morphism if and only if /(I) e V{s) whenever 
X{s) = k, s £ S. By the definition of kj^, we have X{s) = fc if and only if < s, for some i. 
Therefore / gives a morphism in S'-sp if and only if /(I) e V{ai), i = 1, . . . ,rn; if and only if 

/(I) GF(ai)n---ny(a,„). 

(b) Let B = biA- ■ -Abn. Putting ks ~ {V, V{s)) and using (a), we see that Homs.gp (/c^i , ks) 7^ 
if and only if HomsspikA, ks) = k; if and only if V{ai) D ■ ■ ■ Cl V{am) = k; if and only if 
V{ai) = ■ • • = V{a„i) = k; if and only if for all i there exists a j such that bj < a^; if and only if 
B <Am A{S). 

(c) Using (b) and Remark 1 2. 11 we have 

Ends-spZ^ = Homs-sp( kA, ks) = {HomsspikA, ks)) g^^^j^^g^ = kAiS)°P . 

AeA{S) BeAiS) 

Then cab ° {vc) — (i'c)esA = {(^cavb), where juxtaposition indicates matrix multiplication. 

(d) In view of Proposition [22tc), Notation[2Tl and Definition [231 MS) = a{S)'^ where w = 0. 
By the definition of $a(s), we have $a(s) (Hom5_sp(Z^, V)) = (X, where 

X = eno{ V{C))^Vm^V, 

CgA{S) 

X{B) = eijtBo{ V{C)) ^ V{B) = Vibi) n • ■ • n for aU S = 61 A • • ■ A 6„ in a{S). 

ceA{s) 

Comparing these formulas with the definition of coinduction in Subsection 12.31 we obtain an 
isomorphism $a(S) Hom5_sp(W, V) = coind^'-'^'' V functorial in V. □ 

The following is a contravariant analog of the preceding statement. 

Proposition 3.4. Let V = (V,V{s))^^g be an S -space. 

(a) Let i? = 61 V • • • V6„ be in A{S) and set V{B) = X]j=i ^i^j)- ^ k-linear map 5 G D gives 
a morphism g :'V ^ k^ of S- spaces if and only if g £ V{B)^, so there is an isomorphism 
Hom5_sp(V, fc^) = V{B)'^ of k -spaces functorial in V. We identify Homs_sp(V, Z//) with 



V{C) and write the elements of the latter as column vectors igc)c£A{s) "^h' 



lere 



ceA{s) 
9c e ViC)^. 

(b) If A, Be AiS) then Hom5-.p(fc^, k^) = T '[^ " 

I otherwise. 

(c) We identify Endsspl^ with kA{S)°^ by identifying }ioms-sp{k^ , k^) with the subspace 
kcBA of the matrix algebra -M_4(s)(^)i fof all B < A in ^(5*). Then Homs-sp(V, iY) is a 
left kA{S)°P -module by means of eBA[{gc)ceA{S)] ~ ceA^S)' ''^^^^^ B < A and 
8c B is the Kronecker symbol. 

(d) $a(5)=p YLoms-spi-M) = Dindl^'^) : 5-sp ^ a(5)°P-sp. 
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Proof, (a) The ambient space of is k, and the subspace of k associated to each s ^ S \ (B) is k, 
where (B) is the ideal of S generated by the antichain B. Therefore, a map 5 g D is a morphism 
V ^ k^ a and only if g{V{s)) ^ for all s G (S); if and only if g{Vibj)) = for j 1, . . . , n; if 

and only if 5 G HUi^ib,)^) = {EU ^(^^^)^- 

(b) Let ^ = oi V • • • V a„i. Since any morphism fc'^ — k^ is of the form A G /c, applying (a) 

to V fc^ yields that Romsspik'^, k^) ^ if and only if A G {V{B)) for some, hence for all, 
A 7^ 0; if and only if V{hj) = for j = 1, . . . , n; if and only if for all j there exists an i such that 
bj < Oi; if and only if _B < A. 

(c) and (d) The argument is dual to the proof of parts (c) and (d) of Proposition 13.31 

□ 

4. Projectivization 

We use projectivization (see jARS| Section 1.2]) to obtain equivalences of categories needed for 
the construction of differentiation algorithms of Section \5\ Recall that if U is an object of an 
additive category 2t, then add U is the full subcategory of 2t determined by the direct summands 
of finite direct sums of copies of U. For X, F G 2t we denote by Ql{X, Y) the set of morphisms from 
X to F in a. 

The following proposition is an analog of jARSi Prop. II. 2.1], and the same proof works. 

Proposition 4.1. Let 21 be an additive category, let [/ G 2t, and set T = 2l([/, U). 

(a) The representable functor ejj = 2t([/, — ) : 21 — > r°P-Mod has the following properties. 

(i) ejj : 2l(Z, X) — Hompop (e(7(.^), e(7(^)) is an isomorphism for Z G addC/ and X G 21. 

(ii) IfX€ addC/ then eu{X) G r°P-proj . 

(iii) e;7|addJ7 : addC/ — ?> r°P-proj is an equivalence of categories. 

(b) The contravariant representable functor eP — 2t(— ,?7) : 21 F-Mod has the following 
properties. 

(i) : 2t(X, Z) Homr(e'^(Z), e^ (X)) is an isomorphism for Z G addfJ and X G 21. 

(ii) IfXe addU then e'^(X) G F-proj. 

(iii) e'^jadd?/ : addC/ F-proj is a duality. 

We applv Proposition 14. II when 21 = 5'-sp and U = 14 ^ fcyi = ® k^. 

AeAiS) A£A{S) 

Proposition 4.2. Let S be a poset. 

(a) The functor coind^*-'^'' |S'-ss : S'-ss a(S')-proj is an equivalence of categories. 

(b) An a{S)-space W is projective if and only ifies^g^'^ W G S'-ss and'W = coind^^'^-* res^*-'^'' W. 

(c) The functor indg^^^ | S'-ss : S-ss ^ a(S) -inj is an equivalence of categories. 

(d) An a[S)-space W is injective if and only ifres^'"^^ W G S-ss and W = indg'''^'' resg'"'^'' W. 

(e) If w{S) < 2, then coind^^"^' : S-sp — > a(S)-proj and ind^^'^'' : S-sp — >■ a(S)-inj are equiva- 
lences of categories. 

Proof, (a) Since S-ss = addU, Proposition I3.3f c) and part (iii) of Proposition I4.ir a) say that 
Homs_sp(W, — )|S-ss : S-ss A:^(S)-proj is an equivalence of categories. In view of part (ii) of 
Proposition [HHc), Notation [IHI and Definition O A{S) = a(S)" where w = 0. Therefore, The- 
orem l2.9f d) says that $a(s) l^-4(S)-proj : fc^(S)-proj — > a(S)-proj is an equivalence of categories. 

Since coindg'''^'' = $a(s) Homsspipl, — ) by Proposition 13.3r d'). the statement follows. 

(b) The sufficiency follows directly from (a). For the necessity, suppose W = (VF, VF(74))^ga(S) 
is in a(S)-proj. By (a), there is an isomorphism / : coind^^'^'' U — >■ W for some U G S-ss. Applying 



PROJECTIVIZATION 15 

res^'"'^'' and using Proposition l2.12r b) , we obtain an isomorphism res^''^'' / : U — res^''^'' W whence 
resg'"'^'' W G S'-ss. By construction, coind^''^'' U = {X , X (A)) where X = U and X{A) — 
U{ai) n • • • n U{am) for all A = ai A • • • A a,„, to > 0. Since / is an isomorphism in a(S')-sp, the 
isomorphism f : U ^ W of fc-spaces satisfies f{X{A)) f{U{ai) n • • ■ n C/(a™)) = W{ai) n • ■ • n 
W{am)= W{A). Hence W = coind"^^^ res|^^^ W. 

(c) Proposition I3.4r c) and part (iii) of Proposition I4.1f b) say that the contravariant functor 
Hom5_sp(— ,Z//)|S'-ss : S'-ss — > kA{S)°P-proj is a duality. In view of part (ii) of Proposition 12. Sf c). 
NotationO and Definition[13 A{S) = d{S)o where = 0. Therefore, A{S)°p = (a(S')°P)" where 
w = 0, so that Theorem [2jyd) says that $a(5)op |fc^(S')°P-proj : A:yi(S')°P-proj a(S')°P-proj is an 
equivalence of categories. Using the duality D : a(S')°P-proj a(S')-inj, we obtain that 

D°*i'a(s)°p o Hom5_sp(— , W)|S'-ss : S'-ss a(S)-inj 

is an equivalence of categories. By Proposition I3.4r d') . 

ind|^^^ = D o D o indl^'^^ = D o$a(5)op o Homs-sp(-, W). 

Hence ind^^'^'' |S-ss : S-ss -> a(S)-inj is an equivalence of categories. 

(d) The argument is dual to the proof of (b). 

(e) This is an immediate consequence of (a), (c), and Proposition 13.21 □ 

For a subset i? of a poset S, we denote by (S-sp, _R-proj), (S'-sp, i?-inj), or (S-sp, i?-ss) the full 
subcategory of S-sp determined by the S-spaces X for which res^ X is projective, injective, or 
semisimple, respectively, in _R-sp. 

Proposition 4.3. Let T be a subset of a poset S. For Ss\t = (S \ T) U a{T) and S^\^ = 
(S \ T) U a{T), we have: 

(a) The functor coindg^^^ |(S-sp, T-ss) : (S-sp, T-ss) — > (Ss^^-sp, a(r)-proj) is an equivalence 
of categories. 

(b) The functor ind^ | (S-sp, T-ss) : (S-sp, T-ss) -J. (S^\^-sp, a(r) -inj) is an equivalence of 
categories. 

(c) If 'w{T) < 2, then the functors coind^^^^ : S'-sp (Sg^T^-sp, a(T)-proj) and 
ind| : S-sp ^ (S^\^-sp, a(T) -inj) are equivalences of categories. 

Proof, (a) Put = (S-sp, T-ss) and — (Ssyy-sp, a(T)-proj). To check that the image of 
coindg^^^ I© is contained in S), suppose that V G S-sp satisfies res|^V G T-ss and set W = 
coindg^^^ V. We have to prove that res^^^^^ W G a(T)-proj . 
Using parts (b) and (c) of Proposition 12. 12[ we have 

res^^^^ (res W) - res^^^^ coind^^^^ V = resf V G T-ss 

and, in view of Proposition 12 . 13T a) . 

coindy resl^*'"^'' (res^^^^^ W) = coind^ rcs|^ V = res^^^^^ coind^^^^ V — res^^^^^ W. 

By Proposition I4.2r b) . res-^^^^ W is projective. 

We also note that the image of the functor res^''^^ |io is contained in (5. Indeed, if W G Ss\t-s>P 

s 

has the property that res-^^^^ W is projective, then Propositions I4.2f b) and l2.12T c') say that 

res^^^) (resff^" W) = res|:(res^"^" W) G T-ss . 
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s s 

By Proposition [HHb), (res^ \S)) o (coind^ 125) = 1©, and we claim that 

(coinds"^"|0)o(ress"\"|jo) = 1^. (1) 
To show that equahty ^ holds on objects, we have to check that 

coind^^^^ reSs^^^W = W, (2) 

provided W € Ss\T-sp satisfies res. ^^^^ W G a(r)-proj . Proposition 12 . 1 2r b) says that 

res^^^^ (coindf res^^^^ W) = res^'^'^^ W. 
Using Propositions 12. IST a). I2.12r c). and l4.2r b). we also have 

^^^t{T) (coindg^^^ resg"^^^ W) = coind^'"^'' resf resg^^^ W = 

coind^^^^ res^(^^ (res W) = res J^^ W 

s 

because res-^^^^ W is projective. Since Ss\t — SUd{T), Proposition I2.12f d) says that equality 
^ holds. 

It is an immediate consequence of the definitions of restriction and coinduction that equality 
dH) also holds on morphisms. 

(b) The argument is dual to the proof of (a). 

(c) In view of Proposition 13. 2[ this is an immediate consequence of (a) and (b). □ 

5. Differentiation algorithms 

Definition 5.1. Let 5' be a poset, let p G S, and let V = {V,V{s))s£s be an S'-space. We set 
EPV = {X,X{s))ses where X = Vip) and X{s) = V{s)nV{p), s G 5. Clearly, EPV is an 5-space 
full at p, and the inclusion Kp(V) : V{p) — > V gives a proper monomorphism Kp(V) : iJ^V — V. 
By Proposition 12 . 7f a) . E^Y is the only S'-space with the ambient space V{p) for which the linear 
map Hp(y) is a proper morphism. For each morphism a : V — ;> W in 5-sp given by a fc-linear map 
a : V W, where W — {W,W{s))s£S, it is straightforward that the linear map a\V{p) : V{p) 
W{p) gives a morphism EPa : EPV EPW in 5-sp . 

We also set EpY = {X,X{s))ses where X = V/V{p) and X{s) = {V{s) + V{p))/V{p), s e S. 
Clearly, EpV is an 5-space trivial at p, and the projection TTp(V) : V — ?> V/V{p) gives a proper 
epimorphism TTp(V) : V — > EpY. By Proposition l2 . 7i h] . EpY is the only S'-space with the ambient 
space V/V{p) for which the linear map 7rp(V) is a proper morphism. For each morphism a : V ^■ 
W in S'-sp given by a fc-linear map a : V W, the linear map a : V/V{p) W/W{p) where 
a{v + V{p)) = a{v) + W{p), v gives a morphism EpU : EpY — > EpW in S-sp . 

Recall that a morphism a : V — >■ W in S-sp factors through an S-space X if a = /37, for some 
morphisms /3 : X ^ W, 7 : V ^ X. 

Proposition 5.1. (a) The maps EP,Ep : S-sp S-sp are additive endofunctors. 

(b) Hp : EP — !> Is-sp is a monomorphism, and TTp : Issp — > Ep is an epimorphism, of functors. 

(c) EP = KerTTp and Ep = CokerKp. 

(d) Let V G S-sp . The morphism Kp(Y) : EPY Y is left minimal if and only if no nonzero 
direct summand ofY is trivial at p. The morphism 7rp(V) : V — EpY is right minimal if 
and only if no nonzero direct summand of V is full at p. 

(e) Let a : Y ^ W be a morphism in S-sp . 
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(i) // 4> ■ E^Y — > EP~W is a morphism in S-sp for which the diagram 

EPy -^^^ V 

EPW W 

commutes, then (p = E^a. 

(ii) // tp : EpV — ^ EpW is a morphism in 5-sp for which the diagram 

V ^ E,Y 
W ^ E,W 

commutes, then ip = Epa. 

(iii) E^a = if and only if a factors through an S-space trivial at p, and Epa — if and 
only if a factors through an S-space full at p. 

Proof. The proof is routine, and we leave it to the reader. □ 

5.1. Filters, ideals, and a dense functor. If a poset S satisfies certain conditions, we construct 
a dense additive functor S'-sp — [/-sp, for some poset U, and determine which morphisms of S- 
spaces the functor sends to zero. 

Proposition 5.2. Let R be a filter of a poset S satisfying w{S \ R) < 2. Let F be a filter of 
Sr — RUa{S\R) that does not contain R and let p R\F. For any F-space W = (W, W{t))^^p, 
let 

/:P^resf«^^^)ind^-W (3) 

be a proper epimorphism given by a k-linear map f : P W , where P — (-P; -P(0)j£a(s\_R) 
projective a{S \ R) -space. 

(a) There exists an S^-space P/ = {X,X{t))^^g^ with X = P for which the map f : P ^ W 
gives a proper epimorphism f : Ff ^ ind^" W satisfying res^^^y^^ / = /. Moreover, 

Ker / = E^Ff and f is a cokernel of Kp(Pf). 

(b) If Y = (V,V{s)) is a unique up to isomorphism S-space satisfying P/ = coindl'^ V 
(see Proposition \4 . S^ c ) ), then 

W = resf,^ Ep coind|« V. 

(c) // a : U — !■ V is a morphism in 5-sp, then res^'^ Ep coind|^ a = if and only if a factors 
through an S-space full at p. 

(d) The morphism (0) is a projective cover if and only if the S-space V in (b) has no nonzero 
direct summand full at p. Hence if 21 is the full subcategory of S'-sp determined by the 
S -spaces with no nonzero direct summand full at p, the restriction of the additive functor 
lesp'^ Ep coindl'^ : S'-sp -> i^-sp to 21 is dense. 

Proof, (a) By Proposition 12 . 5f a) . a{S \R) = Sr \ i? is an ideal of Sr, so the existence of / follows 
from Proposition l2.16f aV Since is a filter of Sr and p (1 R\F = Sr \ [a{S\R) UF], Proposition 
I2.16f e') says that X{p) — Ker/. By Proposition l2.6f c'). X{p) is the ambient space of Ker/, and the 
inclusion Kp(P/) : X{p) — X gives a kernel of /, Ker / — P/, which is a proper monomorphism by 
Proposition 12 . 7f c) . By the remark about the uniqueness of the subspace structure on X(ji) made 



18 



MARK KLEINER AND MARKUS REITENBACH 



in Definition 15.11 Ker / — EPP / . Since / is a proper epimorphism, it is a cokernel of its kernel by 
Proposition 12 . Tr d) . which finishes the proof of (a). 

(b) By (a) and Proposition IS.lT c). ind^^ W = EpP f ^ i?p coind^^ V. Applying the functor 
res^" and using Proposition I2.12r b) , we get W = res^^ Ep coind|" V. 

(c) Since resp'^ is a faithful functor by Proposition 12 . 12r b) . res^" -EpCoind^" a = if and only 
if iJp coind|^ a = 0; if and only if coind|" a factors through an S'/j-space full at p according to 
part (iii) of Proposition IS-lf e) ; if and only if a factors through an S'-space full at p in view of 
Proposition I2.12f b): indeed, if coind^" a — (3'y then a = res|^ (3 o res|" 7, and the converse is 
clear. 

(d) By Theorem 12. 9r f). the morphism / : P — res?^^^^^ indf." W is a projective cover if and 

only if it is right minimal; if and only if the morphism / : P/ — indp.'* W is right minimal according 
to Proposition l2.16f d) (remember, a{S\R) is an ideal of Su); if and only if the morphism 7rp(P/) : 
P^ EpP f is right minimal using the fact that / is a proper epimorphism and Ker / = E^Pf by 
(a); if and only if 7rp(coindf^ V) : coind|« V -■ Ep coindf" V is right minimal using (b); if and 
only if no nonzero direct summand of coind|!^ V is full at p according to Proposition 15 . 1 f d) : if and 
only if no nonzero direct summand of V is full at p using Proposition 12. 12T b). □ 

While Proposition 15.21 deals with two filters, the dual statement deals with two ideals. 

Proposition 5.3. Let R be an ideal of a poset S satisfying wlS \ R) < 2. Let J be an ideal of 
— RU d{S \ R) that does not contain R and let p ^ R \ J. For any J -space W = {W, W{t)) 

let 

9 ■■ resf(s\fl) coindf W ^ I (4) 

be a proper monomorphism given by a k-linear map g : W ^ L, where I = (^, ^(i))tga(S\_R) '^'^ 
injective a{S \ R) -space. 

(a) There exists an -space F = {Y,Y{t))^^g^ with Y ^ I for which the map g : W ^ L 

gives a proper monomorphism g : coindj W — > satisfying res^^g^^-^ 9 — 9- Moreover, 
Cokerg = EpV and g is a kernel ofTTp{V). 

(b) If V — {V,V{s)) is a unique up to isomorphism S-space satisfying P = ind| V (see 
Proposition \4. S^ c ) ), then 

W = resf'' EP indf V. 

(c) If a : \J ^ "V is a morphism in 5-sp, then resj" E'p indf a = if and only if a factors 
through an S-space trivial at p. 

(d) The morphism ^ is an injective envelope if and only if the S-space V in (b) has no 
nonzero direct summand trivial at p. Hence if^ is the full subcategory of S-sp determined 
by the S -spaces with no nonzero direct summand trivial at p, the restriction of the additive 
functor res J EPindg : S'-sp —> J-sp to S is dense. 

Proof. The proof is dual to that of Proposition [521 D 

In the following subsections we will apply Propositions 15.21 and 15.31 by making specific choices 
for the indicated filters and ideals. 

5.2. Differentiation with respect to a principal filter. 
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Definition 5.2. For any p £ S, the posct S'(p) = (p) U a[S \ (p)) is a subposet of a{S), and 
Propositions I2.4r a) and I2.ir b) imply that a{{p)) is the principal ideal of S'(p) generated by p. 
Hence 

Sp = \ a((p)) = ((p) \ {p}) U a(5 \ [{p) U (p)]) 

is a filter of S'^^^ satisfying {p} — (p) \ Sp. 

For the rest of this subsection we assume that w{S \ (p)) < 2. Then Proposition 15.21 applies 

S S 

to the filters R = (p) of S and = S'p of S'(p) , and we say that the functor resg^*"' Ep coindg^''^ : 
5-sp — >■ S'p-sp suggested by Proposition I5.2r b) is the differentiation functor, and Sp is the derived 
poset of S, with respect to the principal filter (p). 

Recall that the category S'-sp is a k-category, i.e., Hom5'_sp(U, V) is a fc-vector space, for all 
U, V, and the composition of morphisms is bilinear (see jARSl Section II. 1]). Denote by 5^(U,V) 
the subset of Hom5_sp(U, V) consisting of all morphisms that factor through an S'-space full at 
p. Then 5^ is a two-sided ideal in the category 5-sp (a relation on S'-sp according to [ARSj ) , 
i.e., i5(U,V) is a /c-subspace of Homs_sp(U, V), for aU U,V, and whenever g G i?(U, V), / G 
Hom5_sp(X, U), h € Hom5_sp(V, W), we have hgf G 5^(X, W). One defines S'-sp the quotient 
category {factor category according to |ARS] ) of S-sp modulo the ideal 5^, as follows. The objects 
of S'-sp / are the same as those of S'-sp . The morphisms from U to V are the elements of the 
quotient (factor) space IIom5_sp(U, V)/5^(U, V), and the composition in S-sp is defined for 
U, V, W in S-sp by {h + S{V, W)) {g + ^{V, V)) = {hg + ^{V, W)) , for all g G Homs-sp(U, V) 
and h G IIom5_sp(V, W). 

Theorem 5.4. (a) Denote by 21 the full subcategory of S-sp determined by the S-spaces with 

s s 

no nonzero direct summand full at p. The restriction of the functor res^*''* Ep coind^*''* : 
S-sp — > S'p-sp to the subcategory ^ is a representation equivalence of categories 2t Sp-sp . 

(b) The functor res^^*"* Ep coind^*''* induces an equivalence of categories S-sp = S'p-sp . 

s s 

(c) For each S- space V — (V,V{s)^^^g, we have reSg'^''^ Ep co'mdg'-''^ = (X, ^(i))^^^ where 

X = V/V{p), X{t) = {V{t) + V{p))/V{p) ifteS\ (p), and X{a A 6) ^ {V{a) nV(6) + 
V{p))/V{p) i/ a, 6 G S \ [{p) U (p)] and {p,a,b} is an antichain. // U = ([/, [/(s))^^^ is 
an S-space and / : U — >■ V is a mophism given by a k-linear map f : U ^ V, then the 
morphism res^^''* -Ep coind^*''' / is given by the k-linear map f : U/U{p) V/V{p) where 
fiu + U{p)) = fiu) + V{p),ueU. 

Proof, (a) The functor is dense according to Proposition I5.2r d). so it remains to show that the 
functor is full and reflects isomorphisms. 

As noted in Definition 15.21 Sp is a filter of S^p^ , and S^p^ \ Sp is the principal ideal of S^p^ 

generated by p. By Proposition I2.12r e). res^^^"* |£ : £ S'p-sp is an equivalence of categories, 
where £ is the full subcategory of S'^p^ -sp determined by the S^p^ -spaces trivial at p. By Definition 
15.11 the image of the functor Ep : S'^p^ -sp — >■ S'^p) -sp is contained in £. Hence it suffices to show 

that the functor £'p coind^'''* : 21 S^pysp is full and reflects isomorphisms. Multiplying the 

epimorphism of functors TTp : Is^^^-sp Ep by the functor coind^*''' on the right, we obtain an 

epimorphism of functors TTp coindg^''' : coind^*''* — Ep coind^^''* . 

Since (p) is a filter of S(p) by Proposition 12. Sf a). then a(S\ (p)) is an ideal, so Proposition l2.16l 
applies. 
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We show that the functor Ep co'mdg"^ : S-sp — > 5(p)-sp is full. Let V = {V,V{s)^ ^^g, Z 

(Z, Z{s)) be S'-spaces and let /3 : E'p coindg'"* V i?p coind^*^^ Z be a morphism in S'^p^-sp. 
We obtain the diagram 

c, ^ TTn \ coma Q " ' VI , 

coind^'"* V ^ 4 Ep coindg*''^ V 



coindg*"* Z ^ Ep coindg*"* Z 



in S'/p)-sp. As noted in Definition 15.11 the horizontal arrows are proper epimorphisms. 



s. 



Hp) 

Applying the functor res^^*^^ , we obtain the commutative diagram 

resJs\(rt)C0indf<''>V restl^,\^^^^EpCoindp^^V 



ros^;j;,„,,^ (5) 



= <p> 

!l(S\(p}) I 



resf(s\(p» coind^*"* Z — ^ resf ^^^^^^^^ ^p coindf Z 

in a{S \ (p))-sp, where / = resf(<^^^^p^-, 7rp(coind5<''> V), g = resf(<^*^^p^-, 7rp(coind5^''* Z) and we 
denote by the same letters the fc-linear maps that give these morphisms: f : V ^ V/V{p), g : 
Z — >■ Z/Z{p). The morphism a making the diagram commute exists because / and g are proper 
epimorphisms by ProDOsition l2.6( b) and Remark l2.21 and Proposition l4.3f c') says that the domains 
of / and g are projective because w{S \ (p)) < 2. 

The subspaces V{p) C V and Z{p) C Z are the kernels of the fc-linear maps f : V ^ 
V/V{p) and 5 : Z ^ Z/Z{p), respectively, whence V{t) ^ f-^[{V{t) + V{p))/V{p)] and = 
+ Z(p))/Z(p)] for all i > p, t G <5'(p). In the notation of Proposition 12. 16f a), we have 

f — TTp (coindg*''* V) and g ~ iTp (coind^.*''* Z) , and Proposition I2.16f b) gives the commutative 
diagram 

coindg*''^ V — ^ Ep coindf V 

/3 (6) 



coinds*''^ Z — ^ Ep coind^*''^ 



in S'^p^-sp, where res-^^^l^^^^j a' = a. By Proposition IS.lf e) we have /3 = Epu' , and Proposition 

I2.12r b) says that a' — coind^*''* 7, for some morphism 7 in S'-sp. Thus (3 = Sp coind^*''* 7, which 
proves that the functor Ep coind^*"* is full. 

To show the functor i5p coind^.*''^ : 21 — ^ iS^p^-sp reflects isomorphisms, let V, Z G 21 and let 

s s s 

7 : V Z be a morphism in S'-sp for which (3 ^ Ep coind^^''' 7 : Ep coind^*''^ Y Ep coind^*''* Z 

5 5 5 

is an isomorphism in S'^p^-sp. Setting a' — coind^*''* 7 : coind^*''* V — coind^*''* Z, we see that a' 
and P just defined make the diagram © commute because TTp coind^*''* : coind^*''* Ep coind^*''* 

CI 

is a natural transformation. Setting a = ^sSa{s\{p)) that the diagram ([5|) also commutes. 

Since (3 is an isomorphism. Proposition 12. 16T c) says that a' = a. 

Since coinduction is a fully faithful additive functor by Proposition l2.12T b) , each direct summand 
s s 
of coindg*''' V is isomorphic to coindg.*''^ X, where X is a direct summand of V. Since V, Z e 21, 
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no nonzero direct summand of coindg*^^ V or coind^*''^ Z is full at p. By Proposition 15 . 1 T d) . / and 
g are right minimal morphisms. By Proposition I2.16l' d). / and g are right minimal morphisms, 
and we already noted that they are proper epimorphisms. Hence, they are projective covers by 
Theorem l2.9f f ). Since j3 is an isomorphism, so is a, and Proposition 12 . 16T a) says that a = a' is an 
isomorphism. Since coinduction reflects isomorphisms by Proposition l2.12f b). 7 is an isomorphism. 

We have proved that the functor Ep coind^*^* restricted to 21 reflects isomorphisms. 

(b) This is a direct consequence of (a) and Proposition 15 . 2r c) . 

(c) In view of the way the posets S'(p) and Sp are constructed, this follows immediately from 
the definition of coinduction and Definition 15.11 □ 

Recall |GR] that the poset S is representation-finite if the category kS-moA has only finitely 
many isomorphism classes of indecomposable modules, and S is finitely represented if the cardinality 
v{S) of the set of isomorphism classes of indecomposable ^-spaces is finite. 

A characterization of finitely represented posets is given in |K1] , whereas a characterization and 
description of representation-finite posets in given in [L] and jZShj . 

We have the following consequence of the preceding theorem. 

Corollary 5.5. If p ^ S satisfies w{S \ (p)) < 2, then 

i^{S) = iy{Sp) + \a{S\{p))\+l. 
In particular, S is finitely represented if and only if so is Sp. 

Proof. Since a representation equivalence of categories establishes a bijection between isomorphism 
classes of indecomposable objects. Theorem 15 .41 implies that iy{S) equals i^(S'p) plus the cardinality 
of the set of isomorphism classes of indecomposable 5'-spaces full at p. Since S \ (p) is an ideal 
of S, Proposition 12 . 1 2f f ) says that the latter cardinality is i^{S \ (p)). By Proposition 13.21 every 
indecomposable {S \ (p))-space is simple. In view of Notation 12. II and using the bijection between 
antichains and isomorphism classes of simple (5 \ (p))-spaces established by Proposition 13.11 we 
get uiS \ (j>)) = \AiS \ {p))\ = \aiS \ {p))\ +1. □ 

Recall that the Hasse diagram of a poset S is the quiver with the set of vertices S in which 
there is a single arrow a — 6 if and only if a < 6 and no element c € S satisfies a < c < b; there 
are no other arrows in the Hasse diagram. 

Example 5.6. To illustrate the differentiation with respect to a principal filter, consider the poset 
S given by the following Hasse diagram. 

S : a b c d f 




9 



Then the Hasse diagrams of Sp is as follows. 

Sp : a b c d f 

\/ 

dAf 
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Note that three differentiations with respect to minimal elements (first then e, and finally p) are 
needed to reduce S to the same poset as our Sp above. 

5.3. Differentiation with respect to a principal ideal. The constructions that follow are dual 
to the ones of the previous subsection. 

Definition 5.3. For any p e 5, the poset S'^p^ = {p) U a(^S \ (p)) is a subposet of a{S), and 
Propositions I2.4r b) and 12.1( a) imply that a((p)) is the principal filter of S'^^^ generated by p. 
Hence 

= \ am = Hp) \ {p}) U a{S \ [{p) U {p)]) 

IS an ideal of S'(P) satisfying {p} = (p) \ Sp. 

For the rest of this subsection we assume that w{S\{p)) < 2. Then Proposition IS . 31 applies to the 

ideals R — [p] of S and J — S^ of S'-P' , and we say that the functor resgp EP indg : S'-sp ~> S'^-sp 
suggested by Proposition l5.3r b) is the differentiation functor, and Sp is the derived poset of S, with 
respect to the principal ideal (p). 

For all U, V e S-sp, denote by T(U, V) the subset of Hom5_sp(U, V) consisting of all morphisms 
that factor through an S'-space trivial at p. Then T is a two-sided ideal (relation) in S'-sp . 

Theorem 5.7. (a) Denote by 58 the full subcategory of S-sp determined by the S -spaces with 

no nonzero direct summand trivial at p. The restriction of the functor reSgp EP indg : 
S-sp — >■ SP-sp to the subcategory S is a representation equivalence of categories *B — > 
SP-sp . 

(b) The functor res^p''' EP indf induces an equivalence of categories S-sp /X = SP-sp . 

(c) For each S-space V = (^'^(*))ses' have resfp''' EP indg ' V — (^X,X{t))^^^p where 
X = V{p), X{t) = V{t) n V{p) ifteS \ ip), and X{a V fe) = {V{a) + V{b)) n V{p) 
if a,b e S\ [{p) U (p)] and {p,a,b} is an antichain. If XJ = (U,U{s)) is an S-space 
and / : U — V is a mophism given by a k-linear map f : U ^ V, then the morphism 
reso Ep coinds*''^ / is given by the k-linear map f\U{p) : U{p) ^ V{p)- 

Proof. The proof is dual to that of Theorem 15.41 □ 

Corollary 5.8. If p e S satisfies w{S \ (p)) < 2, then 

,yiS) = i^{SP) + \a{S\ip))\ + l. 

In particular, S is finitely represented if and only if so is SP. 

Proof. Dual to the proof of Corollary [53] □ 

5.4. Differentiation and Duality. Wc show that the duality D commutes with the functors EP 
and Ep. By Proposition 12.141 the duality commutes with restriction, induction, and coinduction. 
Hence, it commutes with the differentiation functors with respect to a principal filter and to a 
principal ideal considered in the subsections 15.21 and 15. 3| respectively. 

Lemma 5.9. Let p e S. Then D Ep ^ EPD, i. e., the following diagram commutes up to isomor- 
phism. 

S-sp — ^_gp 



^"P-sp ) ^"P-sp 
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Proof. Let V be an S'-space. Then EpV is the S'-space {X,X{s)) with X = V/V{p) and X{s) = 
{V{s) + V{p))/V{p), so that BEpY is the S'°P-space (Y,Y{s)) with Y = I){V/Vip)) and 

Yis)=.[{Vis) + Vip))/Vip)]^ = {feD{V/Vip))\f[{Vis) + Vip))/V{p)]=0}. 

On the other hand, DV is the ^"P-space {X',X'{s)) with X' = DV and X'(s) = V{s)-^, so that 
i;PDV is the ^"P-space {Y',Y'{s)) with F' = = V"(p)^ and 

Y'{s) = n = n = {V{s) + V{p))^. 

Note that the fc-hnear map <^(V) : D{V/V{p)) Vip)^ given by ['p(V)]{f) = / o 7rp(V), where 
7rp(V) : V — !• is the natural projection, is an isomorphism of fc-spaces. Also observe 

that [(p{V)]{Y{s)) = Y'{s) for s G S, whence (p{V) : D EpY ^ S^DV is an isomorphism 
of S'°P-spaces. It easy to check that the family (p = ((p(V))^^^_^ is a natural transformation 
ip:J:)Ep^ EPB. □ 

The following statement imposes no restrictions on the element p and thus extends Corollary 
7.10, p. 85]. 

Proposition 5.10. Let p G S. Then the following diagram commutes up to isomorphism. 

S-sp — "-^ — > Sp-sp 



S'°P-sp — ~ ^ > (S'°P)P-sp 



Proof. This follows from Proposition 12. 141 and Lemma [5.91 □ 
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